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Abstract—We derive the finite-time horizon nonanticipative
rate distortion function (NRDF) of time-varying scalar Gauss-
Markov sources under an average mean squared-error (MSE)
distortion fidelity. Further, we show that a conditionally Gaussian
reproduction process realizes the optimal reproduction distri-
bution, and this is determined from the solution of a dynamic
reverse-waterfilling optimization problem. We provide an iter-
ative algorithm that approximates the solution of the dynamic
reverse-waterfilling problem. From the above results, we also
obtain, as a special case, the NRDF under a per-letter or pointwise
MSE distortion fidelity, and we draw connections to the classical
RDF of Gaussian processes. Our results are corroborated with
illustrative examples.

Index Terms—Nonanticipative rate distortion function, finite-
time, scalar Gauss-Markov processes, mean squared-error dis-
tortion, dynamic reverse-waterfilling.

I. INTRODUCTION

THE finite-time horizon nonanticipative rate distortion
function (NRDF) and its per unit time asymptotic limit,

are information theoretic variants of the finite-time classical
RDF and its per unit time asymptotic limit (i.e., the classical
RDF [1]), with the additional property that the reproduction
distribution depends causally on past data.

The finite-time NRDF was first introduced by Gorbunov
and Pinsker in [2], [3], to address issues related to real-
time processing of data in communication applications. The
authors of [2] also characterized the finite-time NRDF for
time-varying and stationary scalar and vector-valued Gauss-
Markov processes with pointwise or per-letter mean squared-
error (MSE) distortion fidelity. For scalar-valued Gaussian
processes, they gave the expression of finite-time NRDF in
terms of a reverse-waterfilling at each time instant. Tatikonda
et al. in [4] applied the asymptotic NRDF of time-invariant
scalar and vector-valued Gauss-Markov processes with point-
wise MSE distortion fidelity to identify fundamental limita-
tions of controling a linear quadratic control system over a
limited rate communication channel. Derpich and Østergaard
in [5] characterized many variants of the asymptotic NRDF of
stationary stable scalar-valued Gaussian autoregressive models
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with pointwise MSE distortion fidelity. For Gaussian autore-
gressive sources with unit memory, the authors in [5], showed
that, in the asymptotic regime, the NRDF with average or
pointwise MSE distortion fidelity coincide. Tanaka et al. in
[6] showed that the characterization of the finite-time and
stationary NRDF of vector-valued Gauss-Markov processes
with pointwise MSE distortion fidelity is semidefinite rep-
resentable (under certain assumptions), and, thus, it can be
computed numerically. Stavrou et al. in [7] considered the
time-varying vector-valued Gauss-Markov source under an
average MSE distortion fidelity, applied a realization scheme
to compute the finite-time NRDF, and proposed a method to
solve the resulting reverse-waterfilling algorithm. Although,
the realization scheme given in [7] is correct, the reverse-
waterfilling of the finite-time horizon NRDF of both vector-
valued and scalar-valued Gauss-Markov sources under an aver-
age MSE distortion fidelity (see [7, Theorem 2]) is suboptimal;
for scalar-valued Gauss-Markov sources, it is optimal in the
asymptotic regime.

The renewed interest in NRDF, stems from the fact that
it provides a tighter lower bound on the optimal performance
theoretically attainable (OPTA) by causal [8] and zero-delay
codes [5], [9] compared to the OPTA by noncausal codes (i.e.,
the classical RDF). For this reason, as demonstrated in [4], the
NRDF is often applied to identify fundamental performance
limitations of real-time communication schemes in feedback
control systems.

In this paper, we revisit the finite-time horizon NRDF
for time-varying scalar-valued Gauss-Markov sources subject
to an average MSE distortion constraint. The contributions
of this work are as follows: (i) we derive the realization
of the optimal reproduction distribution and we show this
depends on the current value of the source symbol with unit
memory on the values of past reproduction symbols, (ii) we
obtain the expression of finite-time horizon NRDF using
sequential optimization, and we characterize it by a dynamic
reverse-waterfilling solution, that is solved numerically via an
iterative algorithm, and (iii) we use the proposed framework
to recover the analytical expression of the Gaussian NRDF
under pointwise MSE distortion constraint. Further, we draw
connections to the classical RDF of a Gaussian random
process. We illustrate examples to verify our framework and
to show that the asymptotic limit of the finite-time NRDF
coincides with that of pointwise MSE fidelity.

Our results illustrate fundamental differences between finite-
time Gaussian NRDF under average MSE and pointwise



MSE distortion fidelity, and the analogous classical RDF.
In classical finite-time RDF the reverse-waterfilling algorithm
reveals waterlevels which are constant over time, whereas in
finite-time NRDF, the waterlevels are determined sequentially
in time, from a dynamic optimization problem.

II. PROBLEMS STATEMENT AND PRELIMINARIES

We use the following notation. R is the set of real numbers,
N0 the set of nonnegative integers, and Nn0 , {0, . . . , n}, n ∈
N0. The distribution of a random variable (RV) X with
realizations X = x ∈ X is denoted by PX(dx) ≡ P(dx).
The set of all distributions on the measurable set X is denoted
byM(X). Given another RV Y with realizations Y = y ∈ Y,
we denote the conditional distribution of Y given X = x by
PY |X(dy|x) ≡ P(dy|x). We denote by Ex the expectation op-
erator for a fixed realization X = x ∈ X. We denote sequences
of RVs by Xj

t , (Xt, Xt+1, . . . , Xj), (t, j) ∈ N0×N0, j ≥ t,
and their values by xjt ∈ Xjt , ×jk=tXk, with Xk = X, for
simplicity. If t = 0, we use the notation Xj

0 = Xj . Given
two distributions P(dx) and P(dy|x), we write P(dy) =∫
X P(dy|x) ⊗ P(dx) to denote the marginal distribution is a

compound probability distribution, and similarly for the rest.

A. Problems Formulation

We consider a source that randomly generates symbols
Xn = xn ∈ Xn, that we wish to reproduce or reconstruct
by Y n = yn ∈ Yn, subject to a distortion or a fidelity of
reconstruction, defined by d0,n(xn, yn) ,

∑n
t=0 |xt − yt|2,

where S = s ∈ S is the initial data of the reproduction.
Data Source. The sequences Xn = xn ≡ (x0, . . . , xn), n ∈
N0, are generated from the distributions

PXt|Xt−1,Y t−1,S = PXt|Xt−1
≡ Pt(dxt|xt−1), ∀t ∈ Nn0 . (1)

At time t = 0, we assume PX0|X−1,Y −1,S = P0(dx0). Thus,

PXn ≡ P0,n(dxn) , ⊗nt=0Pt(dxt|xt−1).

Reproduction or “test-channel”. Suppose the reproduction
sequence Y n = yn ≡ (y0, . . . , yn), n ∈ N0 of xn ,
(x0, . . . , xn) is generated, from the collection of conditional
distributions, known as test-channels, defined by

PYt|Y t−1,Xt,S , Qt(dyt|yt−1, xt, s), t ∈ Nn0 . (2)

At n = 0, we assume PY0|Y −1,X0,S = Q0(dy0|x0, s), where
s ∈ S is the initial state. If the initial state carries no
information, then the RV S generates the trivial σ−algebra,
σ{S} = {Ω, ∅}.
By [10], we can formally define the distributions on Yn
parametrized by (xn, s) ∈ Xn × S, via

PY n|Xn,S ≡
−→
Q0,n(yn|xn, s) , ⊗nt=0Qt(dyt|yt−1, xt, s).

By (1) and (2), we can uniquely define the joint distribution
of (Xn, Y n) conditioned on S = s by

PXn,Y n|S , P0,n(dxn)⊗
−→
Q0,n(dyn|xn, s). (3)

From the joint distribution (3), we can uniquely define the
Yn−marginal distribution conditioned on S = s by

PY n|S ≡ V0,n(dyn|s) ,
∫
Xn

P0,n(dxn)⊗
−→
Q0,n(dyn|xn, s),

and the conditional distributions

PYt|Y t−1,S ≡ Vt(dyt|yt−1, s), ∀t ∈ Nn0 .

Finite Time Horizon NRDF. Given the above construc-
tion of distributions, we define the information measure of
NRDF from the definition of relative entropy D(·||·) between
PXn,Y n|S and the product distribution PY n|S × PXn , as
follows:

I(Xn → Y n|s) , D(PXn,Y n|S ||PY n|S ×PXn) ∈ [0,∞]

(a)
=

∫
Xn×Yn

log

(−→
Q0,n(·|xn, s)
V0,n(·|s)

(yn)

)
P0,n(dxn)⊗

−→
Q0,n(yn|xn, s) ≡ I(P0,n,

−→
Q0,n) (4a)

(b)
= Es

{
n∑
t=0

log

(
Qt(·|Y t−1, Xt, S)

Vt(·|Y t−1, S)
(yt)

)}
(4b)

(c)
=

n∑
t=0

I(Xt;Yt|Y t−1, s), (4c)

where (a) is due to the Radon-Nikodym derivative theorem
[11], (b) due to chain rule of relative entropy, (c) by definition.
I(P0,n,

−→
Q0,n) indicates the dependence of I(Xn;Y n|s) on

{P0,n,
−→
Q0,n} conditioned on s ∈ S. Often, we use either (4a)

or (4c). It should be noted that due to (1), (4c) is a special
form of directed information from Xn to Y n conditioned on
S = s (see, e.g., [10]).

Next, we state the problems of interest.
Problem 1: (Finite-time horizon NRDF of Gaussian sources

with average MSE distortion fidelity) Let Xt be a time-varying
scalar-valued Gauss-Markov process

Xt+1 = atXt +Wt, X0 = x, ∀t ∈ Nn−10 , (5)

where at is non-random, X0 ∼ N (0;σ2
X0

), i.e., Gaussian, and
Wt ∼ N (0;σ2

Wt
), is an independent Gaussian noise process

independent of (X0, S). The finite-time horizon NRDF of the
Gaussian process (5) with average MSE distortion fidelity is
defined as

Rna,P1
0,n (D) ,

1

n+ 1
inf

Q0,n(D)
I(Xn → Y n|s), (6)

where Q0,n(D) is the distortion fidelity set defined by

Q0,n(D) ,
{
Qt(dyt|yt−1, xt, s), ∀t ∈ Nn0 :

1

n+ 1
Es

{
n∑
t=0

|Xt − Yt|2
}
≤ D

}
, (7)

for some D ∈ [Dmin
0,n , D

max
0,n ] ⊆ [0,∞).

Problem 2: (Finite-time horizon NRDF of Gaussian sources
with pointwise MSE distortion fidelity) This is defined similar
to Problem 1, with Rna,P1

0,n (D) replaced by

Rna,P2
0,n (D) ,

1

n+ 1
inf

Q0,n(D0,...,Dn)
I(Xn → Y n|s), (8)



and the fidelity set (7) replaced by

Q0,n(D0, . . . , Dn) ,
{
Qt(dyt|yt−1, xt, s),∀t ∈ Nn0 :

Es
{
|Xt − Yt|2

}
≤ Dt,∀t ∈ Nn0

}
, (9)

for some Dt ∈ [Dmin
t , Dmax

t ] ⊆ [0,∞), ∀t ∈ Nn0 .

B. The Finite-Time Horizon Classical Gaussian RDF

The finite-time horizon classical RDF of a stationary Gaus-
sian process Xn with distortion fidelity set

Qcl0,n(D) ,
{
PY n|Xn,S :

1

n+ 1
Es

{
n∑
t=0

|Xt − Yt|2
}
≤ D

}
,

is (see [1, Chapter 4.5.2])

R0,n(D) ,
1

n+ 1
inf

Qcl
0,n(D)

I(Xn;Y n|s)

=
1

n+ 1

n∑
t=0

log

(
λt
δt

)
,

where {λt : t ∈ Nn0} are the eigenvalues of the covariance
matrix, Φ ∈ Rn×n, and {δt : t ∈ Nn0} are the distortion levels
allocated based on the reverse-waterfilling algorithm:

δt =

{
ξ if ξ ≤ λt
λt if ξ > λt

,

n∑
t=0

δt = Dtot , (n+ 1)D, (10)

with ξ = 1
2θ > 0, and D ∈ [Dmin

0,n , D
max
0,n ] ⊆ [0,∞). The above

expression R0,n(D) was first shown in [12], for nonstationary
Gaussian processes. However, its asymptotic per unit time
limit R(D) = limn−→∞R0,n(D), for nonstationary unstable
Gaussian processes, was only understood recently in [13].

C. Properties of Problems 1, 2

Now, we state certain properties of the finite-time NRDF
of Problems 1, 2, which are special cases of the ones in [7],
[10], and analogous to those of the classical RDFs (see, e.g.,
[14]).

Consider Problem 1. Then, the following statements hold.
(1) The set of distributions

−→
Q0,n(·|xn, s) ∈M(Yn) is convex.

(2) The set Q0,n(D) is convex in
−→
Q0,n(·|xn, s) ∈M(Yn).

(3) The functional I(P0,n, ·) is convex in
−→
Q0,n(·|xn, s) ∈

M(Yn).
(4) Suppose Rna,P1

0,n (D) < ∞. Then, Rna,P1
0,n (D) is a convex,

non-increasing function of D ∈ [0,∞).
Statements (1)-(4) hold for Problem 2 as well.

The next structural result follows from [7, Theorem 1].
Consider either Problem 1 or Problem 2. Then, the following
property holds.
(5) For a fixed S = s, the optimal reproduction con-
ditional distributions of Problems 1 or 2 is Markov with
respect to Xn, i.e., is of the form Q∗t (yt|yt−1, xt, s) =
Q∗t (dyt|yt−1, xt, s), ∀t ∈ Nn0 , and the corresponding joint
process (Xn, Y n) is jointly Gaussian.

III. MAIN RESULTS

In this section we give the structure of the optimal real-
ization for Problems 1 and 2, and the parametric solution to
Problem 1 in terms of a dynamic reverse-waterfilling algo-
rithm. Using this result, we obtain the closed form expression
of Problem 2 as a special case, and we discuss connections
with classical Gaussian RDF.

Lemma 1: (Realization of optimal reproduction distribution)
Consider Problem 1. Then, the following statements hold.
(a) Any candidate of the optimal reproduction distribution
{Qt(dyt|yt−1, xt, s) : t ∈ Nn0} is realized by the recursion

Yt =ht

(
Xt − X̂t|t−1

)
+ X̂t|t−1 + Vt, ∀t ∈ Nn0 (11)

where X̂t|t−1 , Es{Xt|Y t−1}, and {Vt ∼ N(0, σ2
Vt

) : t =
t ∈ Nn0} is an independent Gaussian process independent of
{Wt : t ∈ Nn−10 } and (X0, S), and {ht : t ∈ Nn0} are time-
varying deterministic functions.
Moreover, define the process {νt : t ∈ Nn0}

νt , Yt −Es
{
Yt|Y t−1

}
= Yt − X̂t|t−1 = ht

(
Xt − X̂t|t−1

)
+ Vt. (12)

Then, {νt : t ∈ Nn0} is the innovations process
of {Yt : t ∈ Nn0}, i.e., it is an orthogonal
process with νt ∼ N(0;σ2

νt), σ2
νt = h2tΣt|t−1 + σ2

Vt

and Σt|t−1 , Es

{
(Xt − X̂t|t−1)2|Y t−1

}
.

(b) Let X̂t|t , Es{Xt|Y t} and Σt|t ,

Es

{
(Xt − X̂t|t)

2|Y t
}

. Then, {X̂t|t−1,Σt|t−1 : t ∈ Nn0}
satisfy the following scalar-valued filtering recursions:

X̂t|t−1 = at−1X̂t−1|t−1, (13a)

Σt|t−1 = a2t−1Σt−1|t−1 + σ2
Wt−1

, (13b)

X̂t|t = X̂t|t−1 +Ktνt, (13c)

Kt = Σt|t−1ht(σ
2
νt)
−1, (13d)

Σt|t = Σt|t−1 − Σ2
t|t−1h

2
t (σ

2
νt)
−1. (13e)

(c) Rna,P1
0,n (D) is given by

Rna,P1
0,n (D) = inf

ht∈R,
σ2
Vt
≥0, t∈Nn

0

1

2

1

n+ 1

n∑
t=0

[
log

(
Σt|t−1

Σt|t

)]+
,

(14a)

s.t.
1

n+ 1

n∑
t=0

(
(1− ht)2Σt|t−1 + σ2

Vt

)
≤ D (14b)

Σt|t−1 = a2t−1Σt−1|t−1 + σ2
Wt−1

(14c)

Σt|t = Σt|t−1 − Σ2
t|t−1h

2
t (h

2
tΣt|t−1 + σ2

Vt
)−1 (14d)

for D ∈ [Dmin
0,n , D

max
0,n ] ⊆ [0,∞), where [x]+ , max{0, x}.

Proof: (a) By § II-C property (5), for a fixed S = s,
we have the following orthogonal realization Yt = htXt +
gt(Y

t−1) + Vt, gt(Y
t−1) = ΓtY

t−1,∀t ∈ Nn0 , where
{Vt : t ∈ Nn0} is an independent Gaussian process.
Moreover, since (2) holds, and {Wt : t ∈ Nn0} is an
independent process, then {Vt : t ∈ Nn0} is independent
of {Wt : t ∈ Nn0}, X0, and S. For such a realization,



I(Xn → Y n|s) =
∑n
t=0 I(Xt;Yt|Y t−1, s) does not de-

pend on gt(·), ∀t ∈ Nn0 . Since Es
{∑n

t=0 |Xt − Yt|2
}

=
Es
{∑n

t=0 |(1− ht)Xt − gt(Y t−1)|2
}

+
∑n
t=0 σ

2
Vt

, then, by
mean-square estimation theory, a smaller average distortion
occurs when gt(Y

t−1) = (1 − ht)X̂t|t−1, ∀t ∈ Nn0 . This
completes the derivation of (11). The second part of (a) follows
from well-known properties of innovations process. (b) This
follows from the Kalman filter equations of conditionally
Gaussian models. (c) This follows directly from (a), (b), and
(4c), i.e., I(Xn → Y n|s) =

∑n
t=0 I(Xt;Yt|Y t−1, s) ≡∑n

t=0 Es

{
log
(

PXt|Y t,S

PXt|Y t−1,S

)}
. This completes the proof.

Statements (a) and (b) in Lemma 1 are precisely the same
for Problem 2. However, in statement (c) we need to replace
average MSE distortion with pointwise MSE distortion.

The next theorem shows that the optimal reproduction
distribution is of the form Qt(dyt|yt−1, xt, s),∀t ∈ Nn0 .

Theorem 1: (Characterization of Problem 1)
Define λt , Σt|t−1 and δt , Σt|t. Then the following hold.
(a) The optimal reproduction of (14) is realized by

Yt = htXt + (1− ht)at−1Yt−1 + Vt, Y−1 = s, (15)

ht , 1− δt
λt
, σ2

Vt
, htδt ≥ 0, δt ≥ 0, λt ≥ 0, (16)

λt = α2
t−1δt−1 + σ2

Wt−1
, λ0 = σ2

X0
, ∀t ∈ Nn1 . (17)

Moreover, for the above realization the following hold.

X̂t|t = Yt, X̂t|t−1 = at−1Yt−1, (18)
PYt|Y t−1,Xt,S = PYt|Yt−1,Xt,S , ∀t ∈ Nn0 , (19)

I(Xn → Y n|s) =

n∑
t=0

I(Xt;Yt|Yt−1, s). (20)

(b) The characterization of Rna,P1
0,n (D) is

Rna,P1
0,n (D) = min

δt≥0, t∈Nn
0

1

2

1

n+ 1

n∑
t=0

[
log

(
λt
δt

)]+
, (21a)

s.t. λt satisfies (17), (21b)
n∑
t=0

δt ≤ Dtot, Dtot , (n+ 1)D (21c)

where D ∈ [Dmin
0,n , D

max
0,n ] ⊆ [0,∞).

Proof: (a) By Lemma 1, (14c) and (14d), we get

δt = λt −
h2tλ

2
t

h2tλt + σ2
Vt

, ∀t ∈ Nn0 . (22)

Note that in (22), if at time instant t, λt = 0, then, δt = 0
and the rate at that time instant will be zero (trivial). In
order to decouple the dependence of δt from the dynamics
of λt in (14d), and hence freely optimize over δt, we choose
(ht, σ

2
Vt

) according to (16). It can be verified that the choice
(16), when substituted into (13d), yields the Kalman gain
Kt = 1, which then implies (18). Hence, by substituting in
(11) we obtain (15). From (15) we deduce (19), which implies
(20). An alternative derivation is the following. The inequality
Es

(∑n
t=0 |Xt − Yt|2

)
≥ Es

{∑n
t=0 |Xt −Es{Xt|Y t}|2

}
,

holds ∀Yt, t ∈ Nn0 , i.e., for all (ht, σ
2
Vt

), t ∈ Nn0 , and it is

achieved if Es{Xt|Y t} = Yt. Similarly as above, the choice
(16) achieves the lower bound, i.e., a smaller distortion is
achieved for a given rate. (b) This follows from (a). This
completes the proof.
It should be noted that the choice of ht in (16) requires
that δt ≤ λt, ∀t, but such a constraint is always satisfied
(cf. eq. (22)), and hence can be omitted from (21). For the
expression Rna,P1

0,n (D) given in Theorem 1, δt, is chosen to
control λt = α2

t−1δt−1+σ2
Wt−1

, t ∈ Nn0 . This is fundamentally
different from the classical RDF (see §II-B), in which the
analogous expression of λt is independent of δt−1. This point
is illustrated in the next theorem.

Theorem 2: (Parametric solution to Problem 1)
The parametric solution of Problem 1 is the following.

Rna,P1
0,n (D) =

1

2

1

n+ 1

n∑
t=0

log

(
λt
δt

)
, (23)

where λt satisfies recursion (17) and δt is evaluated based on
the following dynamic reverse-waterfilling algorithm:

δt ,

{
ξt if ξt ≤ λt
λt if ξt > λt

, ∀t, (24)

with
∑n
t=0 δt = Dtot , (n+ 1)D, and

ξt =

 1
2β2

t

(√
1 +

2β2
t

θ − 1

)
, ∀t ∈ Nn−10

1
2θ , t = n

, (25)

where θ > 0, β2
t , α2

t

σ2
Wt

, and D ∈ [Dmin
0,n , D

max
0,n ] ⊆ (0,∞).

Proof: We solve the optimization problem of (21) by em-
ploying Karush-Kuhn-Tucker (KKT) conditions [15, Chapter
5.5.3]. First, notice that the objective function (21a) can be
reformulated (without the normalization with respect to the
total number of time steps) as follows:

1

2

n∑
t=0

log

(
λt
δt

)
=

1

2

n∑
t=0

(log λt − log δt)

=
1

2

{
log(λ0)︸ ︷︷ ︸
initial step

+

n−1∑
t=0

log

(
α2
t +

σ2
Wt

δt

)
− log δn︸ ︷︷ ︸

final step

}
. (26)

Next, we introduce the augmented Lagrange functional
(assuming the initial step is fixed) as follows:

J({δt}nt=0, θ, {µt}nt=0) =
1

2

n−1∑
t=0

log

(
α2
t +

σ2
t

δt

)
− log(δn)

+ θ

(
n∑
t=0

δt −Dtot

)
−

n∑
t=0

µtδt, θ ≥ 0, µt ≥ 0, (27)

where δt is the primal variable and the pair (θ, µt) are dual
variables. From (27) we observe that the KKT conditions
are necessary and sufficient conditions of optimality, since



the problem is convex and differentiable. Using (27), we can
differentiate for {δt : t ∈ Nn0}. This gives

∂J({δt}nt=0, θ, {µt}nt=0)

∂δt
=

1

2

(
−

σ2
Wt

2δt(α2
t δt + σ2

Wt
)

)
+ θ

− µt = 0 =⇒ θ − µt =
σ2
Wt

2δt(α2
t δt + σ2

Wt
)
, ∀t ∈ Nn−10 ,

(28)
∂J({δt}nt=0, θ, {µt}nt=0)

∂δn
=

1

2

(
− 1

δn

)
+ θ − µn = 0

=⇒ θ − µn =
1

2δn
, (final time step n). (29)

From the complementary slackness conditions, we have

θ

(
n∑
t=0

δt −Dtot

)
= 0, θ ≥ 0, (30)

µtδt = 0, µt ≥ 0. (31)

Since the problem is convex, constraint (21c) holds with
equality and, therefore, θ > 0. Since δt > 0 ∀t ∈ Nn0 (by
definition), then by (31), µt = 0. By solving (28), (29) with
respect to {δt : t ∈ Nn0}, we obtain the solution of a quadratic
equation as follows:

δt = − 1

2β2
t

± 1

2β2
t

√
1 +

2β2
t

θ
, β2

t ,
α2
t

σ2
Wt

, (32)

for all t ∈ Nn−10 , with δn = 1
2θ for the final time step

n. However, the negative solution in (32) is excluded, since
δt > 0, ∀t, leaving only the positive solution. Hence, we
obtain (25). The previous analysis gives an θ∗, µ∗t = 0 and
ξ∗t , ∀t. The problem is solved once we ensure that the objective
function in (21) is non-negative, that is, by checking that
δt = min{ξt, λt}, ∀t. This completes the proof.
In the next remark, we draw connections with finite-time
classical RDF of Gaussian processes.

Remark 1: (Comparison to the classical Gaussian RDF)
Comparing the NRDF of Theorem 2 to the classical RDF
given in §II-B, there is a fundamental difference; ξt given by
(25) is different at each time t, whereas in (10), ξ = 1

2θ is a
constant, and these coincide only at t = n.

In the next remark, we give the region in which D is well-
defined, i.e., D ∈ [Dmin

0,n , D
max
0,n ].

Remark 2: (Dmin
0,n and Dmax

0,n )
From (25) it can be seen that as s grows large, ξt → 0. Hence,
for θ → ∞, Dmin

0,n → 0+. As Dmin
0,n → 0+, then σ2

Vt
→

0+, ht → 1+, ∀ t ∈ Nn0 , and hence, it can be verified from
(15) that Yt → Xt. Additionally, as θ → 0+, then ξt → ∞
and hence δt = λt, ∀t ∈ Nn0 . Therefore,

Dmax
0,n =

1

n+ 1

n∑
t=0

λt =
1

n+ 1

n∑
t=0

Dmax
t , (33)

where λt = α2
t−1λt−1 + σ2

Wt−1
, and λ0 = σ2

X0
. In order

to find the minimum θ for which D ≤ Dmax
0,n , we compute

the maximum θ for each t for which there is no rate (i.e.,
δt = λt), denoted by θmax

t , in (28), (29). The minimum θ is
the minimum among all θmax

t , i.e., θmin = mint{θmax
t }.

A. Connections to Problem 2

Theorem 1 can be solved in closed form because by the
KKT conditions of the solution occurs on the boundary, i.e.,
δt = Dt, ∀t ∈ Nn0 . Next, we give the solution to Problem 2,
that was first derived in [2].

Corollary 1: (Optimal solution of Problem 2)
Consider (14). Then, by choosing ht, σ2

Vt
as in (16) and assum-

ing pointwise MSE distortion fidelity, then the optimization
problem of (21) is simplified as follows:

Rna,P2
0,n (D) =

1

2(n+ 1)

n∑
t=0

[
log

(
λt
Dt

)]+
, (34)

where λt = a2t−1Dt−1 + σ2
Wt−1

≥ Dt, ∀t with λ0 = σ2
X0

.
Proof: Special case of Theorem 2.

Remark 3: (Dmin
t and Dmax

t )
By employing the KKT conditions for the pointwise MSE
distortion fidelity, we obtain similar equations to (25), but there
is a different Lagrange multiplier θt for each time t. Hence,
similar to Remark 2, as θt grows large, ξt → 0+. Hence, for
θt →∞, the minimum distortion, satifies Dmin

t → 0+. When
θt → 0+, then, ξt → ∞ and hence Dmax

t = λt. Note that
when Dt ≤ Dmax

t , θt ≥ θmax
t .

IV. ALGORITHM

We propose an iterative method (see Algorithm 1) that
solves numerically the dynamic reverse-waterfilling (24), (25).

Algorithm 1 Dynamic Reverse-Waterfilling algorithm

Initialize: number of time-steps n; distortion level D (D ≤
Dmax

0,n ); error tolerance ε; initial variance λ0 = σ2
X0

of the
initial state X0, values at and σ2

Wt
of (5).

Set θ = 1/2D; flag = 0.
while flag = 0 do

Compute δt ∀ t as follows:
for t = 0 : n do

Compute ξt according to (25).
Compute δt according to (24).
if t < n then

Compute λt+1 according to (17).
end if

end for
if | 1

n+1

∑n
t=0 δt −D| ≤ ε then

flag← 1
else

Re-adjust θ as follows:

θ ← max

{
θmin, θ − γ(D − 1

n+ 1

n∑
t=0

δt)

}
, (35)

where γ ∈ (0, 1] is a proportionality gain; its choice
affects the rate of convergence.

end if
end while



V. NUMERICAL EXAMPLES

Example 1: (Non-asymptotic regime)
For this example, we choose a time-horizon n = 100 for which
we pick random values of {(at, σ2

Wt
) : t = 0, . . . , 100} in

the range (0, 1). We choose the initial value of the variance
of (5) to be σ2

X0
= 1 (hence, λ0 = σX0

= 1). For these initial
conditions, we evaluate Dmax

0,100 = 0.5468 and θmin = 0.0020
(see Remark 2). We choose the distortion level D = 0.2. We
run Algorithm 1 for error tolerance ε = 10−3 and an initial
θ = θ0 to start our iterations (a good starting point is θ0 =
1
2D ). Then, we proceed as follows:
1) At t = 0, using (25), we evaluate ξ0. Then, we use (24)

to compute δ0, i.e., δ0 = min{ξ0, λ0}. Next, from (17),
λ1 = α2

0δ0 + σ2
0 .

2) At t = 1, using (25), we evaluate ξ1 and subsequently,
δ1 and λ2 are computed.

3) Similarly, the procedure is repeated until t = 100.
4) At the end, for the given value of θ, we check if
| 1
n+1

∑n
t=0 δt−D| ≤ ε. If it does, we stop the iterations

and the last evaluated value of θ is the solution of the
ξt’s which are the desired water-levels.

5) If not, we update θ using (35); in this example γ = 0.1.
We repeat the previous procedure (steps 1) – 4)) with the
new value of θ for all t.

The final reverse-waterfilling is found after 762 iterations and
it is shown in Figure 1. By (23) we obtain:

Rna,P1
0,100 (D) =

1

2

1

101

100∑
t=0

log

(
λt
δt

)
= 0.3749 bits.
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Fig. 1: Dynamic reverse-waterfilling in time-domain for n =
100 time units.

Example 2: (Asymptotic regime of finite-time NRDF)
Consider the time-invariant version of (5), i.e., at ≡ a,
σ2
Wt
≡ σ2

W , X0 ∼ N(0;σ2
X0

), with distortion level D = 1.4
and (a, σ2

W ) = (1.5, 1). We run Algorithm 1 following the
procedure described in Example 1, for n = 100000 with error
tolerance ε = 10−3 and an initial θ = 1

2D . By (23) we obtain:

Rna,P1
0,100000(D) =

1

2

1

100001

100000∑
t=0

log

(
λt
δt

)
= 0.7838 bits.

Note that for n large enough, then, ξt in (25) converges to

ξ = 1
2β2

(√
1 + 2β2

θ − 1

)
, and λt to λ = α2δ + σ2

W , hence

Rna,P1
0,n (D) converges to Rna,P1(D) = 1

2 log
(
λ
δ

)
, where δ =

D. Thus, Rna,P1(D) is equivalent to the asymptotic NRDF
with pointwise MSE found in [2, Example 1] and [4, Eq. (14)].
This means that for time-invariant scalar-valued Gauss-Markov

sources, the asymptotic NRDF with average and pointwise
MSE coincide, generalizing the result derived in [5, Theorem
3] for stationary stable sources. Compared to [4, Eq. (14)],
we can additionally use Remark 2 to find that Dmax

0,100000 =
4.15 bits and θmin = 0.0117.

VI. CONCLUSIONS AND FUTURE DIRECTIONS

We derived the realization of the optimal reproduction
distribution, and the parametric solution of finite-time NRDF
for time-varying scalar Gauss-Markov sources subject to an
average MSE distortion which includes a dynamic reverse-
waterfilling algorithm. The parametric solution indicates the
solution at the final step is different from the other steps.
We solved the reverse-waterfilling algorithm via an itera-
tive algorithm which allocates the NRDF at each time step
optimally. Our iterative algorithm is verified via numerical
simulations. From the framework developed, we recover the
optimal solution of finite-time NRDF subject to a pointwise
MSE distortion. In the asymptotic case, the NRDF with
average and pointwise MSE distortion coincide.

Generalizations to controlled processes and to time-varying
multivariate Gauss-Markov sources will be treated in future
works.
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