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Distributed Minimum-Time Weight Balancing over Digraphs
Themistoklis Charalambous, Christoforos N. Hadjicostis, and Mikael Johansson

Abstract—We address the weight-balancing problem for a
distributed system whose components (nodes) can exchange infor-
mation via interconnection links (edges) that form an arbitrary,
possibly directed, communication topology (digraph). A weighted
digraph is balanced if, for each node, the sum of the weights of the
edges outgoing from that node is equal to the sum of the weights
of the edges incoming to that node. Weight-balanced digraphs
play a key role in a variety of applications, such as coordination
of groups of robots, distributed decision making, and distributed
averaging which is important for a wide range of applications
in signal processing. We propose a distributed algorithm for
solving the weight balancing problem in a minimum number of
iterations, when the weights are nonnegative real numbers. We
also provide examples to corroborate the proposed algorithm.

I. INTRODUCTION

Over the last decade, cooperative distributed control algo-

rithms and protocols have received a surge of attention by

several research communities (e.g., control, communication,

signal processing, and computer science). Weight balancing

is closely related to weights that form a doubly stochastic

matrix, which find numerous applications in multicomponent

systems (e.g., in sensor networks where one is interested

in distributively averaging individual measurements at each

component). In particular, the distributed average consensus

problem usually concerns a linear iteration, where each node

repeatedly updates its value to be a linear combination of its

own value and the values of its neighboring nodes, weighted

according to the edge weights. Asymptotic average consensus

is guaranteed (i.e., the nodes asymptotically reach consensus

to the average of their initial values) if the weights used in the

linear iteration form a doubly stochastic matrix (e.g., [1]).

Finite-time consensus algorithms are, in general, more desir-

able than asymptotic ones; besides the fact that they converge

in finite time it has been reported that closed-loop systems

under finite-time control demonstrate better disturbance rejec-

tion properties [2]. Finite-time consensus was proposed in [3]–

[5], while [6] proposed a method to compute the asymptotic

consensus value in finite-time. Also, [7] proposed a distributed

algorithm with which any arbitrarily chosen agent can compute

its asymptotic consensus value in minimal time.

Balancing a weighted digraph can be accomplished via

a variety of algorithms. Gharesifard et al. in [8] develop

distributed iterative algorithms that allow the nodes to obtain

(in finite time) integer weights that form a balanced graph.
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These algorithms achieve weight balance as long as the

underlying digraph is strongly connected (or is a collection

of strongly connected digraphs, which is a necessary and

sufficient condition for balancing to be possible [8]). Rikos

et al. in [9] proposed a finite time algorithm that appears

to perform much faster. In this analysis, explicit bounds

on the number of iterations required for the algorithm are

also provided. More specifically, in the worst-case, the given

digraph becomes balanced after O(n7) iterations, where n is

the number of nodes in the given (strongly connected) digraph.

In this paper, the results of Yuan et al. [7] on minimum-

time consensus are adopted in a distributed algorithm for

solving the weight balancing problem when the weights are

nonnegative real numbers. The end result is a distributed

algorithm that assigns real-valued weights in a finite number

of iterations using only the minimum number of successive

values of its own state history. To the best of the authors’

knowledge, this is the first time real-valued weight balancing

is achieved in finite time. The number of iterations required,

in the worst-case, for the given digraph to become weight-

balanced is bounded above by O(2n). This bound is much

smaller than the one found in [9]; however, in [9] weights

are restricted to be positive integers, whereas in this study we

allow nonnegative real weights.

The remainder of the paper is organized as follows. In

Section II we review the notation and some essential prelim-

inaries. In Section III we present the problem formulation.

In Section IV we introduce the distributed algorithm which

achieves balance with real weights in a minimum number

of iterations. In Section V we present simulation results and

comparisons. Finally, Section VI presents concluding remarks.

II. NOTATION AND PRELIMINARIES

Vectors are denoted by small letters whereas matrices are

denoted by capital letters; A−1 denotes the inverse of matrix

A. I denotes the identity matrix (of appropriate dimensions),

and 1 denotes a column vector (of appropriate dimension)

whose elements are all equal to one. A nonnegative matrix

is denoted by A ≥ 0, and a positive matrix, is denoted by

A > 0. Notation σ(A) denotes the spectrum of matrix A,

λ(A) denotes an element of the spectrum of matrix A, and

ρ(A) denotes its spectral radius. Notation diag(xi) is used

to denote the diagonal matrix with elements in the finite

set {x1, x2, . . . , xi, . . . } on the leading diagonal and zeros

elsewhere. We also denote by eT

j = [0, . . . , 0, 1jth , 0, . . . , 0] ∈
R1×n a row vector, where the single “1” entry is at the jth

position.

A distributed system whose components can exchange in-

formation via (possibly directed) interconnection links, can be

captured by a digraph (directed graph). A weighted digraph
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of order n (n ≥ 2), is defined as G = (V, E ,W), where

V = {v1, v2, · · · , vn} is the set of nodes, E ⊆ V×V−{(vj , vj)
| vj ∈ V} is the set of edges, and W = [wji] ∈ Rn×n

+ is a

weighted n × n adjacency matrix where wji are nonnegative

values. A directed edge from node vi to node vj is denoted

by εji � (vj , vi) ∈ E , implying that node vj can receive

information from node vi. A directed edge εji ∈ E if and

only if wji > 0. Note that the definition of G excludes self-

edges (though self-weights need to be added if we want to

consider bistochastic digraphs [10]). The graph is undirected

if and only if εji ∈ E implies εij ∈ E and wji = wij . Note

that a digraph G(V, E) can be thought of as a weighted digraph

G = (V, E ,W) by defining the weighted adjacency matrix W
with wji = 1 if εji ∈ E , and wji = 0 otherwise.

A digraph is called strongly connected if for each pair

of vertices (vj , vi) ∈ V , vj �= vi, there exists a directed

path from vi to vj i.e., we can find a sequence of vertices

vi ≡ vl0 , vl1 , . . . , vlt ≡ vj such that (vlτ+1 , vlτ ) ∈ E for

τ = 0, 1, . . . , t − 1. All nodes that can transmit information

to node vj directly are said to be in-neighbors of node vj and

belong to the set N−
j = {vi ∈ V | εji ∈ E}. The cardinality

of N−
j , is called the in-degree of j and is denoted by D−j .

The nodes that receive information from node j comprise its

out-neighbors and are denoted by N+
j = {vl ∈ V | εlj ∈ E}.

The cardinality of N+
j is called the out-degree of vj and is

denoted by D+
j .

Given a weighted digraph G(V, E ,W) of order n, the total

in-weight of node vj is denoted by S−j and is defined as

S−j �
∑

vi∈N−j wji, whereas the total out-weight of node vj

is denoted by S+
j and is defined as S+

j �
∑

vl∈N+
j
wlj . The

weight imbalance of node vj is denoted by xj � S−j −S+
j . The

total-imbalance of digraph G is denoted by ε =
∑n

j=1 |xj |.
If the total-imbalance of digraph G is equal to zero (i.e.,

ε �
∑n

j=1 |xj | = 0), then G is weight balanced.

III. PROBLEM FORMULATION

Given a strongly connected digraph G(V, E), we want to

develop a finite-time distributed algorithm that allows the

nodes to iteratively adjust the weights on their outgoing edges

so that they eventually obtain a weight matrix W = [wji] that

satisfies the following:

1) wji > 0 for each edge (vj , vi) ∈ E ;
2) wji = 0 if (vj , vi) /∈ E ;
3) S+

j = S−j for every vj ∈ V .

In this paper we introduce and analyze a distributed algo-

rithm that assigns real-valued weights. Specifically, we make

use of an asymptotic weight balancing algorithm and find the

final values of the weights on each link in a minimum number

of iterations (the minimum number of step is associated with

the minimal polynomial of a state [7]). Weight balancing in

finite-time was considered in the literature (e.g., [8], [9]) but

only for integer-valued weights. When real-valued weights are

used, the proposed approach allows us to find a much lower

bound (as discussed also in the introduction) on the number

of steps required to balance the digraph.

IV. MINIMUM-TIME WEIGHT BALANCING

In [10] a distributed iterative algorithm is proposed

that asymptotically reaches weight balancing. The algorithm

achieves weight-balance as long as the underlying digraph is

strongly connected. The rate of convergence of the algorithm

is geometric and depends exclusively on the structure of the

given digraph and some constant parameters chosen by the

nodes, in a way that we precisely describe below. Each node

observes (but cannot set) the weights of its incoming links

and determines the weights on its outgoing links. It is worth

pointing out that each node maintains equal weights on all of

its outgoing links, which makes implementation particularly

easy in settings where broadcasting is possible.

Given a strongly connected digraph G(V, E), the distributed

algorithm has each node vj initialize the weights of all of its

outgoing links to unity, i.e., wlj [0] = 1, ∀vl ∈ N+
j . Then,

each node vj enters an iterative stage where it performs the

following steps:

1) It computes its weight imbalance defined by

xj [k] � S−j [k]− S+
j [k]. (1)

2) If xj [k] is positive (resp. negative), all the weights of

its outgoing links are increased (resp. decreased) by an

equal amount and proportionally to xj [k].

Note that 2) above implies that wlj for vl ∈ N+
j will always

have the same (nonnegative) value.

Algorithm 1 Distributed balancing with real weights

Input: A strongly connected digraph G(V, E) with n = |V|
nodes and m = |E| edges (and no self-loops).

Initialization: Each node vj ∈ V
1) Sets wlj [0] = 1, ∀vl ∈ N+

j .

2) Chooses βj ∈ (0, 1).
Iteration: For k = 0, 1, 2, . . ., each node vj ∈ V updates the

weights of each of its outgoing links wlj , ∀vl ∈ N+
j , as

wlj [k + 1] = wlj [k] + βj

(
S−j [k]

D+
j

− wlj [k]

)
(2)

The intuition behind the algorithm in [10] is that we compare

S−j [k] with S+
j [k] = D+

j wlj [k]. If S+
j [k] > S−j [k] (resp.

S+
j [k] < S−j [k]), then the algorithm reduces (resp. increases)

the weights on the outgoing links.

Proposition 1 ([10]). Given a strongly connected digraph,
Algorithm 1 reaches a steady state weight matrix W ∗ that
forms a weight-balanced digraph, with geometric convergence
rate equal to R∞(P ) = − ln δ(P ), where

Pji �
{
1− βj , if i = j,
βj/D+

j , if vi ∈ N−
j ,

(3)

and δ(P ) � max{|λ| : λ ∈ σ(P )), λ �= 1}.
We define w = (w1 w2 . . . wn)

T , wj = wlj (vl ∈ N+
j ).

The evolution of the weights in matrix form can be written as

w[k + 1] = Pw[k], w[0] = w0 , (4)
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where w0 = 1. It should be clear from the above update

equation that the weights remain nonnegative during the exe-

cution of the algorithm. In what follows, we propose another

algorithm with which every node vj can compute its final

outgoing weight w∗j in a minimum number of steps.

Definition 1. (Minimal polynomial of a matrix pair) The
minimal polynomial associated with the matrix pair [P, eT

j ],
denoted by qj(t) = tMj+1 +

∑Mj

i=0 α
(j)
i ti, is the monic poly-

nomial of minimum degree Mj +1 that satisfies eT
jqj(P ) = 0.

It is easy to show, for Mj+1 iterations of the form of (4), that∑Mj+1
i=0 α

(j)
i wj [k+i] = 0, ∀k ∈ N, where α

(j)
Mj+1 = 1. Let us

now denote the z-transform of wj [k] as Wj(z)
�
= Z(wj [k]).

Using the time-shift property of the z−transform, we obtain,

Mj+1∑
i=0

α
(j)
i zi

︸ ︷︷ ︸
�qj(z)

Wj(z)−
Mj+1∑
i=1

α
(j)
i

i−1∑
�=0

wj [
]z
i−�

︸ ︷︷ ︸
�H(z)

= 0 .

Equivalently,

Wj(z) =

∑Mj+1
i=1 α

(j)
i

∑i−1
�=0 wj [
]z

i−�

qj(z)
=

H(z)

qj(z)
. (5)

If the network is strongly connected, the minimal polynomial

qj(t) does not have any unstable poles apart from one at 1
(see, e.g., [11]); we can then define the following polynomial:

pj(z) �
qj(z)

z − 1
�

Mj∑
i=0

β
(j)
i zi . (6)

Assume that the minimal-polynomial of [P, eT

j ] is qj(z); the

application of the final value theorem yields:

φw(j) = lim
k→∞

wj [k] = lim
z→1

(z − 1)Wj(z) = lim
z→1

(z − 1)
H(z)

qj(z)

= lim
z→1

(z − 1)
H(z)

(z − 1)pj(z)
=

H(1)

pj(1)
=

wT

Mj
βj

1Tβj
, (7)

where wT

Mj
= (wj [0], wj [1], . . . , wj [Mj ]) and βj is a vector

comprising of linear combinations of coefficients of the poly-

nomial pj(z).

Proposition 2. Consider a strongly connected digraph
G(V, E). Let wj [k] (for all vj ∈ V and k = 0, 1, 2, . . .) be
the result of the iteration (2), where P = [pji] ∈ Rn×n

+ is any
set of weights that adhere to the graph structure and form
a primitive column stochastic weight matrix. The solution to
the iteration can be distributively obtained in finite-time, i.e.,
w∗j � limk→∞ wj [k] = φw(j), where φw(j) is given by (7).

Consider the vectors of 2k + 1 successive discrete-time

values at node vj , given by wT

2k = (wj [0], wj [1], . . . , wj [2k]),
for the iteration wj [k] (as given in (2)). Let us define its

associated Hankel matrix as

Γ{wT

2k} �

⎡
⎢⎢⎢⎣
wj [0] wj [1] . . . wj [k]
wj [1] wj [2] . . . wj [k + 1]

...
...

. . .
...

wj [k] wj [k + 1] . . . wj [2k]

⎤
⎥⎥⎥⎦ ,

and the vector of differences between successive values of

wj [k] as wT

Mj
= (wj [1] − wj [0], . . . , wj [2k + 1] − wj [2k]).

We now introduce an algorithm, herein called Algorithm 2,

in which the nodes distributively compute the weights that

balance the digraph in a finite number of steps.

Algorithm 2 Distributed minimum-time average weight bal-

ancing in directed graphs

Input: A strongly connected digraph G(V, E) with n = |V|
nodes and m = |E| edges.

Data: Successive observations for wj [k], ∀vj ∈ V , k =
0, 1, 2, . . ., using iteration (2), with initial conditions w[0] = 1.

Step 1: For k = 0, 1, 2, . . ., each node vj ∈ V runs iteration (2)

and stores the vectors of differences wT

Mj
between successive

values of wj [k].

Step 2: Increase the dimension k of the square Hankel

matrices Γ{wT

Mj
} until they loose rank and store their first

defective matrix.

Step 3: The kernel βj =
(
β0, . . . , βMj−1, 1

)T
of the first

defective matrix gives the coefficients of φw.

Step 4: The final weight w∗j is computed by w∗j =
wT

Mj
βj

1Tβj

.

Output: Assign wlj = w∗j for l ∈ N+ (zero otherwise).

V. NUMERICAL EXAMPLES

A. Illustrative example

In this illustrative example (included in [12]), we demon-

strate the validity of the proposed algorithm.

v1 v2

v3 v4

Fig. 1. A simple digraph which is weight-balanceable (included in [12]).

The final consensus vector φw, for iteration (2) with

initial condition w[0] = 1T, is given by φw =
[1.4286 1.4286 0.7143 0.7143]T. Hence, each node can

compute the exact outgoing weight w∗j = φw(j). For example,

for node v1 he have w∗1 = φw(1) = 1.4286. Hence, the final

weight-balanced digraph W � is given by

W � =

⎡
⎢⎣ 0 0 0.7143 0.7143
1.4286 0 0 0

0 1.4286 0 0
0 0 0.7143 0

⎤
⎥⎦ .

The final value for node v1 is computed using Algorithm 2

in 10 steps (i.e., 2(M1 + 1) = 2× 5 = 10 steps). See [7] for

details on how to compute the minimum number of steps.

Fig. 2 shows the total imbalance of Algorithm 1 when

βj = 0.5 for all vj ∈ V as it evolves during the execution of

the algorithm, and the maximum number of iterations required

among all nodes to compute the final value via Algorithm 2.
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While Algorithm 1 forms a weight-balanced digraph with

geometric convergence rate, Algorithm 2 is able to compute

the final values in minimum number of iterations.
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Weight−balancing with Algorithm 1 and Algorithm 2

Number of iterations
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β j = 0.5 for all vj

max number of steps

Fig. 2. Total imbalance for weight-balancing algorithm (Algorithm 1) for the
digraph depicted in Fig. 1 and the maximum number of iterations required
among all nodes to compute the final value of the outgoing weights.

B. Comparisons

Here we run the algorithm for larger graphs (of size

n = 10, 20, . . . , 200) and we compare the performance of our

algorithm against (i) the imbalance correcting algorithm in

[8], in which every node vj adds all of its weight imbalance

xj to the outgoing node with the lowest weight w, and (ii)

the distributed integer balancing in [9], in which the nodes

iteratively adjust the positive integer weights of their outgoing

edges, such that the digraph becomes weight-balanced after a

finite number of iterations.
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Fig. 3. Top figure: Total imbalance plotted against the number of iterations for
a random graph of 50 nodes for the distributed weight-balancing (Algorithm 1
with βj = 0.5), the algorithms in [8], [9] and the distributed minimum-time
weight balancing algorithm (Algorithm 2). Bottom figure: Average number
of iterations (and standard deviations) against the number of iterations for
100 random graphs of 10, 20, ..., 100 nodes for the minimum-time weight-
balancing (Algorithm 2) and the algorithms in [8], [9]. For large networks,
the number of iterations needed scales very fast for [8], [9] with the number
of nodes, compared to our method.

The proposed weight-balancing algorithm, Algorithm 2,

computes the weights that establish weight balancing in the

digraph in minimum number of iterations and outperforms the

algorithms suggested in [8], [9], as shown in Fig. 3. It worths

pointing out, however, that we consider real-valued weights,

whereas [8], [9] consider integer-valued weights.

Remark 1. Priolo et al. [13] propose a distributed real-weight
balancing method, which relies on the decentralized estimation
of the left eigenvector associated to the zero structural eigen-
value of the Laplacian matrix. For this computation, however,
a predefined maximum value of the iterations of the algorithm
is necessary. This value is chosen large enough such that
the error from the actual value is small enough; this value
is dependent on the network size and structure (parameters
that affect the predefined maximum value). Our proposed
approach can be seamlessly applied on their algorithm and
hence lift the need of the predefined maximum value, while
also guaranteeing the computations are carried in minimum
time for each node.

VI. CONCLUSIONS

In this work, we have considered the weight balancing

problem for a distributed system that forms a digraph whose

nodes can exchange information iteratively in a distributed

fashion. We proposed a distributed algorithm for solving the

weight balancing problem when the weights are nonnegative

real numbers. To the best of the authors’ knowledge, this is the

first time weight balancing is reached in finite time for real-

valued weights. The proposed algorithm is shown to converge

after a minimum number of iterations that it is explicitly

bounded.
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