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Abstract— Distributed algorithms for average consensus in
directed graphs are typically asymptotic in the literature. In this
work, we propose a protocol to distributively reach average con-
sensus in a finite number of steps on interconnection topologies
that form strongly connected directed graphs (digraphs). The
average consensus value can be computed, based exclusively on
local observations at each component, by running a protocol
that requires each component to observe and store its own
value over a finite and minimal number of steps, and to have
knowledge of the number of its out-going links (i.e., the number
of components to which it sends information). The proposed
algorithm is demonstrated via illustrative examples.

I. INTRODUCTION

A distributed multi-component system consists of a set of
components (nodes) that can generally share information via
connection links (edges), forming a directed communication
topology (directed graph or digraph). The successful opera-
tion of a distributed system depends on the structure of the
digraph which typically proves to be of vital importance for
our ability to apply distributed strategies and perform various
tasks. In general, the objective of a consensus problem is to
have the agents belonging to a group agree upon a certain (a
priori unknown) quantity of interest. When the agents have
reached agreement, we say that the distributed system has
reached consensus.

One of the most well known consensus problems is the
so-called average consensus problem in which agents aim to
reach agreement to the average of their initial values (see,
e.g., [1], [2]). The initial value associated with each agent
might be, for instance, a sensor measurement of some signal
[3], [4], Bayesian belief of a decision to be taken [5], [6], or
the capacity of distributed energy resources for the provision-
ing of ancillary services [7]. It has been shown in [8] that,
under a fixed interconnection topology, average consensus
is achieved by performing a linear iteration in a distributed
fashion if the interconnection topology is both strongly con-
nected and balanced, while gossip algorithms [9], [10] and
convex optimization [11]–[13] require update matrices to be
doubly stochastic. In undirected interconnection topologies,
weight balanced and doubly stochastic update matrices can
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easily be obtained, but this is significantly more challenging
in directed interconnection topologies, which arise frequently
in reality, due to the heterogeneity of communication systems
and ranges. There exists a limited number of results (see, for
example, [14]–[16]) that enable each agent to converge to the
exact average of the initial values in an unbalanced (directed)
graph. However, all of the average consensus algorithms
currently present in the literature that are applicable to
directed graphs only produce asymptotic convergence (i.e.,
exact average consensus is not reached in a finite number of
steps). In addition, few of them (e.g., [17]) have addressed
delays and topology changes.

Finite-time consensus was proposed by [18], [19], while
[20] proposed a method to compute the asymptotic final
consensus value in finite-time. Also, [21], [22] proposed a
distributed algorithm with which any arbitrarily chosen agent
can compute its asymptotic final consensus value in minimal-
time. However, none of the aforementioned works is able to
distributively compute – using only local information at each
iteration – the average consensus value in a finite number of
steps in a digraph.

In this work, we address the problem of designing a
discrete-time coordination algorithm for exact average con-
sensus in a finite number of steps. More specifically, we
propose a distributed algorithm with which the exact average
of the initial values is distributively computed in a finite
number of steps. The algorithm developed is based on the
following two approaches:
(a) An algorithm suggested in [14] that solves the average
consensus problem in a directed graph using a linear iteration
strategy. More specifically, each node vj distributively sets
the weights on its self-link and outgoing-links such that
the collective set of weights forms a column stochastic
weight matrix that is not necessarily row stochastic. Using
the weights in this matrix, average consensus is reached
via ratio consensus, i.e., two iterations (with appropriately
chosen initial conditions) that run simultaneously so that the
average can be obtained at each node by taking the ratio of
the two values (maintained at each node for each of the two
iterations).
(b) A decentralized minimum-time consensus (not average
consensus) algorithm suggested in [21], [22] that allows any
node to compute the consensus value of the whole network
in finite time using minimum number of successive values
of its own state history. More specifically, an algorithm is
developed in which the minimum number of steps is obtained
by checking a rank condition on a Hankel matrix of local
observations.
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The remainder of the paper is organized as follows. In
Section II, we provide necessary notation and background on
linear algebra and graph theory. In Section III, the problem
to be solved is formulated, and Section IV presents our
main results. Illustrative examples are presented in Section V.
Finally, Section VI presents concluding remarks and future
directions.

II. NOTATION AND PRELIMINARIES

A. Notation
The set of real (integer) numbers is denoted by R (Z)

and the set of positive numbers (integers) is denoted by
R+ (Z+). Rn

+ denotes the non-negative orthant of the n-
dimensional real space Rn. Vectors are denoted by small
letters whereas matrices are denoted by capital letters. AT

denotes the transpose of matrix A. The ith component of
a vector x is denoted by xi, and the notation x ≥ y
implies that xi ≥ yi for all components i. For A ∈ Rn×n,
aij denotes the entry in row i and column j. By 1 we
denote the all-ones vector and by I we denote the identity
matrix (of appropriate dimensions). We also denote by eT

j =
[0, . . . , 0, 1jth , 0, . . . , . . . , 0] ∈ R1×n, where the single “1”
entry is at the jth position. |A| is the element-wise absolute
value of matrix A (i.e., |A| , [|Aij |]), A ≤ B (A < B) is the
(strict) element-wise inequality between matrices A and B. A
matrix whose elements are nonnegative, called nonnegative
matrix, is denoted by A ≥ 0 and a matrix whose elements
are positive, called positive matrix, is denoted by A > 0.

In multi-component systems with fixed communication
links (edges), the exchange of information between compo-
nents (nodes) can be conveniently captured by a directed
graph (digraph) G(V, E) of order n (n ≥ 2), where V =
{v1, v2, . . . , vn} is the set of nodes and E ⊆ V ×V is the set
of edges. A directed edge from node vi to node vj is denoted
by εji = (vj , vi) ∈ E and represents a communication link
that allows node vj to receive information from node vi.
A graph is said to be undirected if and only if εji ∈ E
implies εij ∈ E . In this paper, links are not required to be
bidirectional, i.e. we deal with digraphs; for this reason, we
use the terms “graph" and “digraph" interchangeably. Note
that by convention and for notational purposes, we assume
that the given graph does not include any self-loops (i.e.,
εjj /∈ E for all vj ∈ V) although each node vj obviously has
a link (access) to its own information. A digraph is called
strongly connected if there exists a path from each vertex vi
of the graph to each vertex vj (vj 6= vi). In other words, for
any vj , vi ∈ V , vj 6= vi, one can find a sequence of nodes
vi = vl1 , vl2 , vl3 , . . ., vlt = vj such that link (vlk+1

, vlk) ∈ E
for all k = 1, 2, . . . , t− 1.

All nodes that can transmit information to node vj directly
are said to be in-neighbors of node vj and belong to the set
N−j = {vi ∈ V | εji ∈ E}. The cardinality of N−j , is called
the in-degree of vj and is denoted by D−j =

∣∣N−j ∣∣. The
nodes that receive information from node vj belong to the
set of out-neighbors of node vj , denoted by N+

j = {vl ∈
V | εlj ∈ E}. The cardinality of N+

j , is called the out-degree
of vj and is denoted by D+

j =
∣∣N+

j

∣∣.

In the type of algorithms we consider, we associate a
positive weight pji for each edge εji ∈ E ∪ {(vj , vj) | vj ∈
V}. The nonnegative matrix P = [pji] ∈ Rn×n

+ (with pji as
the entry at its jth row, ith column position) is a weighted
adjacency matrix (also referred to as weight matrix) that has
zero entries at locations that do not correspond to directed
edges (or self-edges) in the graph. In other words, apart
from the main diagonal, the zero-nonzero structure of the
adjacency matrix P matches exactly the given set of links
in the graph. We use wj [k] ∈ R to denote the information
state of node j at time tk. In a synchronous setting, each
node vj updates and sends its information to its neighbors
at discrete times t0, t1, t2, . . .. We index nodes’ information
states and any other information at time tk by k. Hence, we
use wj [k] ∈ R to denote the information state of node j at
time tk.

Each node updates its information state wj [k] by combin-
ing the available information received by its neighbors wi[k]
(vi ∈ N−j ) using the positive weights pji[k], that capture the
weight of the information inflow from agent vi to agent vj
at time k. In this work, we assume that each node vj can
choose its self-weight and the weights on its out-going links
N+

j only. Hence, in its general form, each node updates its
information state according to the following relation:

wj [k + 1] = pjjwj [k] +
∑

vi∈N−j

pjiwi[k] , k ≥ 0 , (1)

where wj [0] ∈ R is the initial state of node vj . If we let
w[k] = (w1[k] w2[k] . . . wn[k])T and P = [pji] ∈ Rn×n

+ ,
then (1) can be written in matrix form as

w[k + 1] = Pw[k], (2)

where w[0] = (w1[0] w2[0] . . . wn[0])T , w0. We say
that the nodes asymptotically reach average consensus if

lim
k→∞

wj [k] =

∑
vi∈V wi[0]

n
, ∀vj ∈ V .

The necessary and sufficient conditions for (2) to reach
average consensus are the following: (a) P has a simple
eigenvalue at one with left eigenvector 1T and right eigen-
vector 1, and (b) all other eigenvalues of P have magnitude
less than 1. If P ≥ 0 (as in our case), the necessary and
sufficient condition is that P is a primitive doubly stochastic
matrix. In an undirected graph, assuming each node knows
n (or an upper bound n′) and the graph is connected, each
node vj can distributively choose the weights on its outgoing

links to be 1
n′ and set its diagonal to be 1 − D

+
j

n′ (where
D+

j = D−j , Dj), so that the resulting P is primitive
doubly stochastic. However, in a digraph, this choice does
not necessarily lead to a doubly stochastic weight matrix.

III. PROBLEM STATEMENT

In this work, we consider a digraph in which each node
has knowledge of the number of its out-going links. We
assume that each node vj has access to local information
only via its communication with the in-neighboring nodes
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and does not have access to global information, such as
the number of nodes in the network. As aforementioned,
there exists a number of results that establish that agents
can distributively choose the weights to ensure convergence
to the exact average of the initial values in an undirected
graph. However, all of the consensus algorithms currently
present in the literature that successfully reach the average
in a digraph only produce asymptotic convergence (i.e., exact
average consensus is not reached in a finite number of steps).

The problem is to design a discrete-time coordination
algorithm that allows every node vj ∈ V in a directed graph
to distributively compute the exact average consensus in a
finite number of steps.

IV. MAIN RESULTS

In this section, we show that if each node in a directed
graph can observe and store the evolution of its own values
over a finite number of steps, then the average consensus
value can be computed immediately from the successive
observations of two iterations (with appropriately chosen
initial conditions) that run simultaneously so that the average
can be obtained at each node by taking the ratio of the
two final values (computed at each node for each of the
two iterations). Hence, we present a distributed protocol
with which each node can compute, based on its own local
observations and after a minimal number of steps, the exact
average.

In [14], an algorithm is suggested that solves the average
consensus problem in a directed graph in which each node vj
distributively sets the weights on its self-link and outgoing-
links to be 1

1+D+
j

, so that the resulting weight matrix P is
column stochastic, but not necessarily row stochastic. Aver-
age consensus is reached by using this weight matrix to run
two iterations with appropriately chosen initial conditions.
The algorithm is stated below for a specific choice of weights
on each link that assumes that each node knows its out-
degree; note, however, that the algorithm works for any set
of weights that adhere to the graph structure and form a
primitive column stochastic weight matrix.

Proposition 1: [14] Consider a strongly connected di-
graph G(V, E). Let yj [k] and xj [k] (for all vj ∈ V and
k = 0, 1, 2, . . .) be the result of the iterations

yj [k + 1] = pjjyj [k] +
∑

vi∈N−j

pjiyi[k] , (3a)

xj [k + 1] = pjjxj [k] +
∑

vi∈N−j

pjixi[k] , (3b)

where plj = 1
1+D+

j

for vl ∈ N+
j ∪ {vj} (zeros otherwise),

and the initial conditions are y[0] = y0 and x[0] = 1.
Then, the solution to the average consensus problem can be
asymptotically obtained as

lim
k→∞

µj [k] =

∑
vi∈V yi[0]

|V|
,∀vj ∈ V ,

where µj [k] =
yj [k]

xj [k]
.

Remark 1: Proposition 1 proposes a decentralised algo-
rithm with which the exact average is asymptotically reached,
even if the directed graph is not balanced.

In what follows, we propose an algorithm (that is based on
the algorithm in Proposition 1), with which every node can
compute µj , limk→∞ µj [k] in a minimum number of steps.

Definition 1: (Minimal polynomial of a matrix pair) The
minimal polynomial associated with the matrix pair [P, eT

j ]

denoted by qj(t) = tMj+1 +
∑Mj

i=0 α
(j)
i ti is the monic poly-

nomial of minimum degree Mj+1 that satisfies eT
jqj(P ) = 0.

Considering the iteration in (2) with weight matrix P , it is
easy to show (e.g., using the techniques in [21]) that

Mj+1∑
i=0

α
(j)
i wj [k + i] = 0, ∀k ∈ Z+ , (4)

where α(j)
Mj+1 = 1.

Let us now denote the z-transform of wj [k] as Wj(z)
4
=

Z(wj [k]). From (4) and the time-shift property of the
z−transform, it is easy to show (see [21], [22])

Wj(z) =

∑Mj+1
i=1 α

(j)
i

∑i−1
`=0 wj [`]z

i−`

qj(z)
, (5)

where qj(z) is the minimal polynomial of [P, eT
j ]. If the

network is strongly connected qj(z), does not have any
unstable poles apart from one at 1; we can then define the
following polynomial:

pj(z) ,
qj(z)

z − 1
,

Mj∑
i=0

β
(j)
i zi . (6)

The application of the final value theorem [21], [22] yields:

φy(j) = lim
k→∞

yj [k] = lim
z→1

(z − 1)Yj(z) =
yT
Mj

βj

1Tβj
, (7a)

φx(j) = lim
k→∞

xj [k] = lim
z→1

(z − 1)Xj(z) =
xT
Mj

βj

1Tβj
, (7b)

where yT
Mj

= (yj [0], yj [1], . . . , yj [Mj ]), xT
Mj

=
(xj [0], xj [1], . . . , xj [Mj ]) and βj is the vector of coefficients
of the polynomial pj(z).

The next question is how one can obtain the coefficient
vector βj in the computation of final values, e.g., Eq. (7a)
and (7b). Consider the vectors of 2k+ 1 successive discrete-
time values at node vj , given by

yT
2k = (yj [0], yj [1], . . . , yj [2k]),

xT
2k = (xj [0], xj [1], . . . , xj [2k]),

for the two iterations yj [k] and xj [k] at node vj (as given
in iterations (3a) and (3b)), respectively. Let us define their
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associated Hankel matrices:

Γ{yT
2k} ,


yj [0] yj [1] . . . yj [k]
yj [1] yj [2] . . . yj [k + 1]

...
...

. . .
...

yj [k] yj [k + 1] . . . yj [2k]

 ,

Γ{xT
2k} ,


xj [0] xj [1] . . . xj [k]
xj [1] xj [2] . . . xj [k + 1]

...
...

. . .
...

xj [k] xj [k + 1] . . . xj [2k]

 .
We also consider the vector of differences between succes-
sive values of yj [k] and zj [k]:

yT
2k = (yj [1]− yj [0], . . . , yj [2k + 1]− yj [2k]),

xT
2k = (xj [1]− xj [0], . . . , xj [2k + 1]− xj [2k]).

It has been shown in [22] that βj can be computed as the
kernel of the first defective Hankel matrices Γ{yT

2k} and
Γ{xT

2k} for arbitrary initial conditions y0 and x0, except a
set of initial conditions with Lebesgue measure zero.

Next, we provide our first main result, in which it is stated
that the exact average µ can be distributively obtained in
finite-time in strongly connected digraphs.

Theorem 1: Consider a strongly connected graph
G(V, E). Let yj [k] and xj [k] (for all vj ∈ V and
k = 0, 1, 2, . . .) be the result of the iterations (3a) and
(3b), where P = [pji] ∈ Rn×n

+ is any set of weights that
adhere to the graph structure and form a primitive column
stochastic weight matrix. Then, the solution to the average
consensus can be distributively obtained in finite-time at
each node vj , by computing

µj , lim
k→∞

yj [k]

xj [k]
=
φy(j)

φx(j)
=
yT
Mj

βj

xT
Mj

βj
, (8)

where φy(j) and φx(j) are given by Eqs. (7a) and (7b),
respectively and βj is the vector of coefficients, as defined
in (6).

Proof: The consensus value of node vj for each of the
iterations (3a) (with initial condition y[0] = y0) and (3b)
(with initial condition x[0] = 1) is found by (7a)-(7b). Note
that the vector βj does not depend on the initial conditions
and hence it is the same for each node for every initial
condition not in the Lebesgue measure zero set. Hence,

lim
k→∞

yj [k]

xj [k]
=
φy(j)

φx(j)
=
yT
Mj

βj

xT
Mj

βj
.

But, from ratio consensus and Proposition 1, we already
know that

lim
k→∞

µj [k] = lim
k→∞

yj [k]

xj [k]
=

∑
vi∈V y0(i)

|V|
.

Hence,

lim
k→∞

µj [k] =
yT
Mj

βj

xT
Mj

βj
.

Remark 2: Theorem 1 states that the average consensus
in a strongly connected digraph can be computed by the
ratio of the final values computed for each of the iterations
(3a) with initial condition y[0] = y0 and iteration (3b) with
initial condition x[0] = 1. Note that x[0] = 1 does not
belong into the Lebesgue measure zero set of matrix P as
defined in Proposition 1P1 = 1. This occurs only when P
is row stochastic. By construction (see Proposition 1), P is
column stochastic and plj = 1/(1 +D+

j ) for vl ∈ N+
j ∪

{vj} (zeros otherwise). Thus, having a second iteration does
not impose any extra limitations in the computation of the
average consensus value.

Remark 3: Each node does not need to know a priori
how many values it needs to store. However, as soon as the
square Hankel matrices lose rank, the nodes can stop storing
information. Throughout the work we assume that nodes
have enough storage ability to store at least as many values
as necessary and the resulting defective matrix. Nevertheless,
it has been shown in [21] that the number of steps required
for predicting y and x are less than 2n where n is the number
of nodes in the network.

We now formally describe an algorithm, herein called
Algorithm 1, in which the nodes distributively compute the
exact average of the initial values in a finite number of steps.

Algorithm 1 Decentralised minimum-time average consen-
sus in digraphs
Input: A strongly connected digraph G(V, E) with n = |V|
nodes and m = |E| edges.
Data: Successive observations for yj [k] and xj [k], ∀vj ∈ V ,
k = 0, 1, 2, . . ., using iterations (3a) and (3b), with initial
conditions y[0] = y0 and x[0] = 1, respectively.

Step 1: For k = 0, 1, 2, . . ., each node vj ∈ V runs the ratio
consensus algorithm (3) and stores the vectors of differences
yT
Mj

and xT
Mj

between successive values of yj [k] and xj [k],
respectively.
Step 2: Increase the dimension k of the square Hankel
matrices Γ{yT

Mj
} and Γ{xT

Mj
} for each of the iterations,

until they lose rank; store their first defective matrix.
Step 3: The kernel βj =

(
β0, . . . , βMj−1, 1

)T
of the first

defective matrix gives the consensus values φy and φx, via
(7a) and (7b), respectively.
Step 4: The average is computed by

µj =
φy(j)

φx(j)
=
yT
Mj

βj

xT
Mj

βj
.

V. EXAMPLES

In this section, we demonstrate the validity of the proposed
methodology on simple strongly connected networks.

Example 1: Consider the directed network in Fig. 1
where each node vj chooses its weight and the weight of
its outgoing links to be (1 + D+

j )−1 (such that the sum

2620



of all weights assigned by each node vj is equal to 1).
When each node updates its information state wj [k] using

v1

v2

v3

v4 v5

v6

1/4 1/4

1/2 1/2

1/3

1/2

1/4

1/2 1/4
1/4

1/4

1/4

1/4
1/2

1/2

1/3 1/3

Fig. 1. A digraph consisting of six nodes.

Eq. (1), the information state for the whole network is given
by w[k + 1] = Pw[k] (as in Eq. (2)), where

P =


1/4 1/2 0 0 1/2 0
1/4 1/2 1/4 0 0 0
1/4 0 1/4 0 0 0
1/4 0 1/4 1/2 0 1/3
0 0 0 0 1/2 1/3
0 0 1/4 1/2 0 1/3

 .

Each node vj ∈ V has an initial value y0(j) and runs ratio
consensus, i.e., the iteration in (3a) with initial value y0(j),
and iteration (3b) with initial value x0(j) = 1. In other
words, we use the update formula (3) to run simultaneously
two iterations with initial conditions y[0] = [−1 0 1 2 3 4]T

and z[0] = 1. Since the update matrix is not doubly
stochastic, the iteration (3) for this network does converge,
but not necessarily to the average (as shown in Fig. 2 for the
case when the initial condition is y[0]). The final consensus
vectors φy and φx, for initial conditions y[0] and x[0],
respectively, are given by

φy = [1.6119 1.0746 0.5373 2.4179 1.3433 2.0149]T ,

φx = [1.0746 0.7164 0.3582 1.6119 0.8955 1.3433]T .

Then, each node can compute the exact average µj =
φy(j)/φx(j). For example, for node v1 he have

µ1 =
φy(1)

φx(1)
=

1.6119

1.0746
= 1.5 .

The exact average for v1 is computed in 12 steps (i.e.,
2(M1 + 1) = 2 × 6 = 12 steps). See [22] for more details
on how to compute the minimum number of steps required.
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Fig. 2. Iteration (3a) with initial condition y[0] = [−1 0 1 2 3 4]T

(above) and iteration (3b) with initial condition x[0] = 1 (below), for the
network in Fig. 1 do not converge to the average (the average in this case
is 1.5) for the digraph, since P is not a doubly stochastic matrix.

The exact average is also justified by running the ratio
consensus algorithm showing asymptotic convergence to the
exact average. From the simulation we observe that the ratio
consensus algorithm needs more or less 10−12 steps for the
error to be small enough, illustrating that the minimum-time
needed for decentralized computation of the exact average is
fast enough.

0 2 4 6 8 10 12 14 16 18 20
−1

0

1
1.5

2

3

4

Number of iterations

R
at
io

 a
t e

ac
h 

no
de

Fig. 3. By running two iterations y[k] and x[k] as in (3a)-(3b) (using
the weight matrix P and initial conditions y[0] , y0 and x[0] = 1,
respectively), average consensus is asymptotically reached for the ratio
yj [k]/xj [k].

Example 2: Next, we consider an example of a larger
network, for which asymptotic convergence to the average
takes a considerable amount of time. More specifically,
we consider a Leslie (a discrete, age-structured model of
population growth) matrix consisting of a 100 nodes. The
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adjacency matrix P ∈ R100×100
+ is as follows.

P =



1/2 1/3 1/3 1/3 · · · 1/3 1/2
1/2 1/3 0 0 · · · 0 0
0 1/3 1/3 0 · · · 0 0
0 0 1/3 1/3 · · · 0 0
0 0 0 1/3 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · 1/3 0
0 0 0 0 · · · 1/3 1/2


.

Due to the structure of the network, the asymptotic conver-
gence time is considerable (see Fig. 4). In our algorithm,

0 20 40 60 80 100 120 140 160 180 200
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1.5
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t e
ac

h 
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Fig. 4. Average consensus is asymptotically reached for the ratio
yj [k]/xj [k] of each node vj for a Leslie matrix of size 100.

a node can compute the exact average value quite fast; in
this case, node v100 computes the average in 34 steps (i.e.,
2(M100 + 1) = 2 × 17 = 34 steps), while the (asymptotic)
ratio-consensus algorithm seems to need more than 160 steps
for the error to be small enough (see Fig. 4).

VI. CONCLUSIONS AND FUTURE DIRECTIONS

This paper proposes a discrete-time coordination algorithm
that allows a networked system to distributively compute the
exact average consensus in a finite number of steps using
only output observations at each component of a multi-
component system. The average consensus value can be
obtained using exclusively local available information and
by running a protocol that requires each component to have
knowledge of the number of its out-going links (i.e., the
number of components to which it sends information) and its
own history of values. To the best of the authors’ knowledge
this is the first algorithm that can reach average consensus
in a digraph in a finite number of steps.

Asymptotic convergence to the average for digraphs in the
present of delays has been shown in [7]. Towards this end,
the finite-time average consensus problem over digraphs in
the presence of bounded delays in the communication links
should be considered. In addition, an interesting problem to
consider is the case when the interconnection topology is
also switching.
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